Renormalization Properties of Softly Broken SUSY Gauge Theories by Kazakov, D. I.
ar
X
iv
:h
ep
-p
h/
02
08
20
0v
1 
 2
2 
A
ug
 2
00
2
RENORMALIZATION PROPERTIES OF SOFTLY BROKEN
SUSY GAUGE THEORIES1
Dmitri KAZAKOV
Bogoliubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research,
Dubna, Russia
and
Institute for Theoretical and Experimental Physics, Moscow, Russia
Abstract
In the present review we show that renormalizations in a softly broken SUSY
gauge theory are not independent but directly follow from those of an unbroken or
rigid theory. This is a consequence of a treatment of a softly broken theory as a
rigid one in external spurion superfield. This enables one to get the singular part of
effective action in a broken theory from a rigid one by a simple modification of the
couplings. Substituting the modified couplings into renormalization constants, RG
equations, solutions to these equations, approximate solutions, fixed points, etc., one
can get corresponding relations for the soft terms by a simple Taylor expansion over
the Grassmannian variables. Some examples including the MSSM in low and high
tanβ regime, SUSY GUTs and the N=2 Seiberg-Witten model are considered.
1 Introduction
In a series of papers [1]−[5] we have shown that renormalizations in a softly broken SUSY
theory follow from those of an unbroken one in a straightforward way. This is in agreement
with the other approaches [6, 7, 8] and is inspired by the original observation of Ref.[9].
In what follows we give a review of our approach. It does not explicitly use the power
of holomorphicity advocated by some authors [7, 8], but ends up with the simple and
straightforward algorithm which is easy to apply.
The main idea is that a softly broken supersymmetric gauge theory can be considered
as a rigid SUSY theory imbedded into external space-time independent superfield η, so
that all couplings and masses become external superfields S(η, η¯). Then, the following
crucial statement is valid [1]
The statement: In external spurion field η the UV singular part of the effective action
depends on the couplings S(η, η¯), but does not depend on their derivatives:
 
 
 
 
 
 SeffSing(g)⇒ SeffSing(S,D2S, D¯2S,D2D¯2S), (1)
where D and D¯ are the supercovariant derivatives, and as a result has the same form in
unbroken and broken cases.
1Talk presented at the conference ”Continuous Advances in QCD 2002/Arkadyfest”, Minnesota, May
2002.
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With replacement of the couplings by external fields one can calculate the effective
action SeffSing(g) assuming that the external field is a constant, i.e. in a rigid theory.
This approach to a softly broken supersymmetric theory allows us to use remarkable
mathematical properties of N = 1 SUSY field theories such holomorphicity which leads
to the non-renormalization theorems, cancellation of quadratic divergences, etc.
The renormalization procedure in a softly broken SUSY gauge theory can be performed
in the following way:
One takes the renormalization constants of a rigid theory, calculated in some massless
scheme, substitutes instead of the rigid couplings (gauge and Yukawa) their modified ex-
pressions, which depend on a Grassmannian variable, and expand over this variable. This
gives renormalization constants for the soft terms. Differentiating them with respect to a
scale one can find corresponding renormalization group equations.
Thus, the soft-term renormalizations are not independent but can be calculated from
the known renormalizations of a rigid theory with the help of the differential operators.
Explicit form of these operators has been found in a general case and in some particular
models like SUSY GUTs or the MSSM [1, 3]. The same expressions have been obtained
also in a somewhat different approach in Ref. [6, 7, 10].
In fact as it has been shown in [3] this procedure works at all stages. One can make the
above mentioned substitution on the level of the renormalization constants, RG equations,
solutions to these equations, approximate solutions, fixed points, finiteness conditions, etc.
Expanding then over a Grassmannian variable one obtains corresponding expressions for
the soft terms. This way one can get new solutions of the RG equations and explore their
asymptotics, or approximate solutions, or find their stability properties, starting from the
known expressions for a rigid theory.
Throughout the paper we assume the existence of some gauge and SUSY invariant
regularization. Though it is some problem by itself, in principle it is solvable [11]. Provided
the rigid theory is well defined, we consider the modifications which appear due to the
presence of soft SUSY breaking terms. To be more precise, when discussing one, two
and three loop calculations of the renormalization constants we have in mind dimensional
reduction and the minimal subtraction scheme. Though dimensional reduction is not self-
consistent in general [12], it is safe to use it in low orders and all the actual calculations
are performed in the framework of dimensional reduction [13, 14, 15, 16]. Nevertheless,
our main formulae have general validity provided the invariant procedure exists.
Below we give some examples: the general SUSY gauge theory in higher loops, the
MSSM in low tan β regime where analytical solutions to the one-loop RG equations are
known exactly and in high tan β regime where analytical solutions are known in iterative
or approximate form. We discuss some particular solutions like the fixed point ones and
examine their properties. The method allows one to get the same type of solutions for the
soft SUSY breaking terms. The other examples are the finite N=1 SUSY GUTs and the
N=2 Seiberg-Witten model where exact (nonperturbative) solution is known. Here one
can extend finiteness and the S-W solution to the soft terms as well.
2
2 Soft SUSY Breaking and the Spurion Superfields
Consider an arbitrary N = 1 SUSY gauge theory with unbroken SUSY within the super-
field formalism. The Lagrangian of a rigid theory is given by
Lrigid =
∫
d2θ
1
4g2
TrWαWα +
∫
d2θ¯
1
4g2
TrW¯α˙W¯
α˙ (2)
+
∫
d2θd2θ¯ Φ¯i(eV )jiΦj +
∫
d2θ W +
∫
d2θ¯ W¯,
where
Wα = −1
4
D¯2e−VDαe
V , W¯α˙ = −1
4
D2e−V D¯α˙e
V ,
are the gauge field strength tensors and the superpotential W has the form
W = 1
6
yijkΦiΦjΦk +
1
2
M ijΦiΦj. (3)
To fix the gauge, the usual gauge-fixing term can be introduced. It is useful to choose it
in the form
Lgauge−fixing = − 1
16
∫
d2θd2θ¯Tr
(
f¯ f + f f¯
)
(4)
where the gauge fixing condition is taken as
f = D¯2
V√
ξg2
, f¯ = D2
V√
ξg2
. (5)
Here ξ is the usual gauge-fixing parameter. Then, the corresponding ghost term is [17]
Lghost = i
∫
d2θ
1
4
Tr b δcf − i
∫
d2θ¯
1
4
Tr b¯ δc¯f¯ , (6)
where c and b are the Faddeev–Popov ghost and antighost chiral superfields, respectively,
and δc is the gauge transformation with the replacement of gauge superfield parameters
Λ(Λ¯) by chiral (antichiral) ghost fields c(c¯).
For our choice of the gauge-fixing condition, the gauge transformation of f looks like
δΛf = D¯
2δΛ
V√
ξg2
= iD¯2
1√
ξg2
LV/2[Λ + Λ¯ + coth(LV/2)(Λ− Λ¯)], (7)
where LXY ≡ [X,Y ]. Equation (6) then takes the form
Lghost = −
∫
d2θ
1
4
Tr bD¯2
1√
ξg2
LV/2[c+ c¯+ coth(LV/2)(c− c¯)] + h.c.
=
∫
d2θd2θ¯ Tr
(
b+ b√
ξg2
)
LV/2[c+ c¯+ coth(LV/2)(c− c¯)] (8)
=
∫
d4θ Tr
(
b+ b√
ξg2
)(
(c− c) + 1
2
[
V, (c+ c)
]
+
1
12
[
V,
[
V, (c− c)
]]
+ ...
)
.
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The resulting Lagrangian together with the gauge-fixing and the ghost terms are in-
variant under the BRST transformations. For a rigid theory in our normalization of the
fields, they have the form [17]
δV = ǫLV/2[c+ c¯+ coth(LV/2)(c − c¯)],
δ ca = − i
2
ǫfabccbcc , δ c¯a = − i
2
ǫfabcc¯bc¯c ,
δ ba =
1
8
ǫD¯2f¯a , δ b¯a =
1
8
ǫD2fa. (9)
Breaking of supersymmetry is the problem by itself. We do not discuss here the origin
of SUSY breaking but rather concentrate on the consequences of it. Usually one considers
the so-called ”soft” breaking of SUSY, which means that the breaking terms do not spoil
renormalizability of the theory and, in particular, the cancellation of quadratic divergences
and are represented by the operators of dimension less than 4 [18]. Hence, to perform the
SUSY breaking, that satisfies the requirement of ”softness”, one can introduce a gaugino
mass term as well as cubic and quadratic interactions of scalar superpartners of the matter
fields
− Lsoft−br =
[
M
2
λλ+
1
6
Aijkφiφjφk +
1
2
Bijφiφj + h.c.
]
+ (m2)ijφ
∗
iφ
j , (10)
where λ is the gaugino field, and φi is the lowest component of the chiral matter superfield.
This is not the most general form of the soft terms. In principle, one can add the terms
like ψ¯ψ, φ∗φφ, etc. [19]. However, the conventional choice (10) is sufficient for the goal of
SUSY breaking and in what follows we stick to it.
Remarkably, one can rewrite the Lagrangian (10) in terms of N=1 superfields intro-
ducing the external spurion superfields [18] η = θ2 and η¯ = θ¯2, where θ and θ¯ are the
Grassmannian parameters, as [9]
Lsoft =
∫
d2θ
1
4g2
(1− 2Mθ2)TrWαWα +
∫
d2θ¯
1
4g2
(1 − 2M¯ θ¯2)TrW¯ α˙W¯α˙
+
∫
d2θd2θ¯ Φ¯i(δki − (m2)ki ηη¯)(eV )jkΦj (11)
+
∫
d2θ
[
1
6
(yijk −Aijkη)ΦiΦjΦk + 1
2
(M ij −Bijη)ΦiΦj
]
+ h.c.
Thus, one can interpret the soft terms as the modification of the couplings of a rigid theory.
The couplings become external superfields depending on Grassmannian parameters θ and
θ¯. To get the explicit expression for the modified couplings, consider eqs.(11). The first
two terms give [1]
1
g2
→ 1
g˜2
=
1−Mθ2 − M¯ θ¯2
g2
. (12)
Since the gauge field strength tensors Wα (W¯α) are chiral (antichiral) superfields, they
enter into the chiral (antichiral) integrands in eq.(11), respectively. Correspondingly, the
Mθ2 term of eq.(12) contributes to the chiral integral, while the M¯ θ¯2 term contributes to
the antichiral one. There is no θ2θ¯2 term in eq.(12), since it is neither chiral, no antichiral
and gives no contribution to eq.(11).
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We depart here from the holomorphicity arguments [20]. Alternatively one should
consider holomorphic and antiholomorphic gauge couplings and a separate non-chiral su-
perfield to take care of the mixed term [7, 8]. This is where different approaches diverge.
It does not lead, however, to any practical difference in applications within the PT.
Modifying the gauge coupling in the gauge part of the Lagrangian, one has to do the
same in the gauge-fixing (5) and ghost (8) parts in order to preserve the BRST invariance.
Here one has the integral over the whole superspace rather than the chiral one. This means
that if one adds to eq.(12) a term proportional to θ2θ¯2, it gives a nonzero contribution.
Moreover, even if this term is not added, it reappears as a result of renormalization.
We suggest the following modification of eq.(12)
1
g2
→ 1
g˜2
=
1−Mθ2 − M¯ θ¯2 −∆θ2θ¯2
g2
, (13)
which gives the final expression for the soft gauge coupling [4]
g˜2 = g2
(
1 +Mθ2 + M¯ θ¯2 + 2MM¯θ2θ¯2 +∆θ2θ¯2
)
. (14)
It will be clear below that it is self-consistent to put ∆ = 0 in the lowest order of pertur-
bation theory, but it appears in higher orders due to renormalizations.
One has to take into account, however, that, since the gauge-fixing parameter ξ may
be considered as an additional coupling, it also becomes an external superfield and has to
be modified. The soft expression can be written as
ξ˜ = ξ
(
1 + xθ2 + x¯θ¯2 + (xx¯+ z)θ2θ¯2
)
, (15)
where parameters x and z can be obtained by solving the corresponding RG equation (see
Appendix B).
Having this in mind, we perform the following modification of the gauge fixing condition
(5) first used in [21]
f → D¯2 V√
ξ˜g˜2
, f¯ → D2 V√
ξ˜g˜2
. (16)
Then, the gauge-fixing term (4) becomes
Lgauge−fixing = − 1
8
∫
d2θd2θ¯ Tr

D¯2 V√
ξ˜g˜2
D2
V√
ξ˜g˜2

 . (17)
This leads to the corresponding modification of the associated ghost term (6)
Lghost =
∫
d2θd2θ¯ Tr
1√
ξ˜g˜2
(
b+ b
)LV/2[c+ c¯+ coth(LV/2)(c− c¯)]. (18)
To understand the meaning of the ∆ term, consider the quadratic part of the ghost
Lagrangian (18)
L(2)ghost =
∫
d4θTr
1√
ξg2
(
1− 1
2
Mξθ2 − 1
2
M¯ξθ¯2 − 1
2
∆ξθ2θ¯2
)
(b+ b) (c− c)
5
=∫
d2θd2θ¯ Tr
1√
ξg2
(
1− 1
2
∆ξθ2θ¯2
)
(b+ b) (c− c) (19)
− 1
2
∫
d2θ Tr
1√
ξg2
Mξbc+
1
2
∫
d2θ¯ Tr
1√
ξg2
M¯ξb¯c¯,
where we have used the explicit form of ξ˜ given in Appendix B.
If one compares this expression with the usual Lagrangian for the matter fields (11),
one finds an obvious identification of the second line with the soft scalar mass term and
the third line with the mass term in a superpotential. Thus, ∆ plays the role of a soft
mass providing the splitting in the ghost supermultiplet.
The other place where the ∆-term appears is the gauge-fixing term (17). Here it
manifests itself as a soft mass of the auxiliary gauge field, one of the scalar components of
the gauge superfield V .
To see this, consider the gauge-fixing term (17) in more detail. Expanding the vector
superfield V (x, θ, θ¯) in components
V (x, θ, θ¯) = C(x) + iθχ(x)− iθ¯χ¯(x) + i
2
θθN(x)− i
2
θ¯θ¯N¯(x)− θσµθ¯vµ(x)
+iθθθ¯[λ¯(x) +
i
2
σ¯µ∂µχ(x)]− iθ¯θ¯θ[λ+ i
2
σµ∂µχ¯(x)] +
θθθ¯θ¯
2
[D(x)− 1
2
✷C(x)].
and substituting it into eq.(17) one finds
Lgauge−fixing = 1
2ξg2
[
−(D −✷C−∆ξC+ i
2
MξN¯ − i
2
M¯ξN)2 − (∂µvµ)2
+ (N¯ − iM¯ξC)✷(N + iMξC)− i(λ+ 1
2
M¯ξχ)σµ∂µ(λ¯+
1
2
Mξχ¯)
− (λ+ 1
2
M¯ξχ)✷χ− (λ¯+ 1
2
Mξχ¯)✷χ¯− i✷χσµ∂µχ¯
]
. (20)
One can see from eq.(20) that the parameter M , besides being the gaugino soft mass,
plays the role of a mass of the auxiliary field χ, while ∆ is the soft mass of the auxiliary
fields N and C. All these fields are unphysical degrees of freedom of the gauge superfield.
They are absent in the Wess-Zumino gauge, however, when the gauge-fixing condition is
chosen in supersymmetric form (4), this gauge is no longer possible, and the auxiliary
fields χ, N , and C survive. Thus, the extra ∆ term is associated with unphysical, ghost,
degrees of freedom, just like in the component approach, one has the mass of unphysical
ǫ-scalars [22]. When we go down with energy, all massive fields decouple, and we get the
usual nonsupersymmetric Yang-Mills theory.
The ∆-term is renormalized and obeys its own RG equation which can be obtained from
the corresponding expression for the gauge coupling via Grassmannian expansion. In due
course of renormalization, this term is mixing with the soft masses of scalar superpartners
and gives an additional term in RG equations for the latter.
In component formalism one has a similar term. In [10, 23], the dimensional reduction
(DRED) regularization is used. In this case, one is bounded to introduce the so-called
ǫ-scalars to compensate the lack of bosonic degrees of freedom in 4-2ǫ dimensions. These
ǫ-scalars in due course of renormalization acquire a soft mass that enters into the RG
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equations for soft masses of physical scalar particles. This problem has been discussed
in [24]. If one gets rid of the ǫ-scalar mass by changing the renormalization scheme,
DRED → DRED′, there appears an additional term in RG equations for the soft scalar
masses [25, 26] called X [10] which usually coincides with our ∆.
Besides the modification of the gauge coupling the soft terms (10) imply the modifica-
tion of the Yukawa ones and the mass term
yijk → y˜ijk = yijk −Aijkη, M ij → M˜ ij =M ij −Bijη, + h.c.
There is, however, also the soft mass term (m2)ki . To take care of it we absorb the multiplier
(δki − (m2)ki ηη¯) into the redefinition of the fields Φ and Φ¯. This results in the additional
modification of the Yukawa couplings and the mass term
yijk → y˜ijk = yijk −Aijkη + 1
2
(ynjk(m2)in + y
ink(m2)jn + y
ijn(m2)kn)ηη¯,
M ij → M˜ ij =M ij −Bijη + 1
2
(Mnk(m2)in +M
in(m2)kn)ηη¯. (21)
This completes our set of substitutions.
At the end of this section, we would like to comment on the BRST invariance in a softly
broken SUSY theory. The BRST transformations (9) due to our choice of normalization
of the gauge and ghost fields do not depend on the gauge coupling. Hence, in a softly
broken theory they remain unchanged. One can easily check that, despite the substitution
g2 → g˜2 and ξ → ξ˜, the softly broken SUSY theory remains BRST invariant [21].
3 Renormalizations in a Softly Broken SUSY Theory
The modifications of the couplings introduced above are valid not only for the classical
Lagrangian but also for the quantum one. As follows from the analysis of the Feynman
diagrams in superspace [27] the modification of the Feynman rules due to the soft terms
does not influence the UV divergent part of the effective action [1]. This justifies the state-
ment made above concerning the UV singular part of the effective action. The following
theorem is valid:
The theorem Let a rigid theory be renormalized via introduction of the renormalization
constants Zi, defined within some minimal subtraction massless scheme. Then, a softly
broken theory is renormalized via introduction of the renormalization superfields Z˜i which
are related to Zi by the coupling constant redefinition
Z˜i(g
2, y, y¯) = Zi(g˜
2, y˜, ˜¯y), (22)
where the redefined couplings are
g˜2i = g
2
i (1 +Miη + M¯iη¯ + (2MiM¯i +∆i)ηη¯), (23)
y˜ijk = yijk −Aijkη + 1
2
(ynjk(m2)in + y
ink(m2)jn + y
ijn(m2)kn)ηη¯, (24)
˜¯yijk = y¯ijk − A¯ijkη¯ +
1
2
(ynjk(m
2)ni + yink(m
2)nj + yijn(m
2)nk )ηη¯,
Eqs.(22-24) lead to a finite renormalized softly broken SUSY theory. However, in
practice it is more convenient to consider not the renormalization constants Zi but the
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RG equations directly. Differentiating the renormalization constants Z˜i with respect to a
scale one gets the RG functions for the soft terms of a broken theory in terms of unbroken
one. The resulting soft term β functions are summarized below.
Summary of the Soft Term Renormalizations
The Rigid Terms The Soft Terms
βαi = αiγαi βMAi = D1γαi
βijM =
1
2(M
ilγjl +M
ljγil ) β
ij
B =
1
2(B
ilγjl +B
ljγil )− (M ilD1γjl +M ljD1γil )
βijky =
1
2(y
ijlγkl + perm’s) β
ijk
A =
1
2(A
ijlγkl + perm’s) - (y
ijlD1γ
k
l + perm’s)
⇑ (βm2)ij = D2γij
chiral anomalous dim. βΣαi = D2γαi
D1 =MAiαi
∂
∂αi
−Aijk ∂
∂yijk
, D¯1 =MAiαi
∂
∂αi
−Aijk ∂∂yijk
D2 = D¯1D1 +Σαiαi
∂
∂αi
+ 12(m
2)an
(
ynbc ∂
∂yabc
+ ybnc ∂
∂ybac
+ ybcn ∂
∂ybca
+ yabc
∂
∂ynbc
+ ybac
∂
∂ybnc
+ ybca
∂
∂ybcn
)
,
Σαi =MAiM¯Ai +∆i
Later on we consider some examples of the application of these formulas.
4 Grassmannian Taylor Expansion
We demonstrate now how the RG equations for the soft terms appear via Grassmannian
Taylor expansion from those for the rigid couplings.
In what follows we would like to simplify the notations and consider numerical rather
than tensorial couplings. When group structure and field content of the model are fixed,
one has a set of gauge {gi} and Yukawa {yk} couplings. It is useful to consider the following
rigid parameters αi ≡ g2i /16π2, Yk ≡ y2k/16π2. Then eqs.(23-24) look like
α˜i = αi(1 +Miη + M¯iη¯ + (MiM¯i +Σi)ηη¯), (25)
Y˜k = Yk(1 +Akη + A¯kη¯ + (AkA¯k +Σk)ηη¯),
where to standardize the notations we have redefined parameter A: A → Ay in a usual
way and have changed the sign of A to match it with the gauge soft terms. Here Σk stands
for a sum of m2 soft terms, one for each leg in the Yukawa vertex and Σi =MiM¯i +∆i.
Now the RG equation for a rigid theory can be written in a universal form
a˙i = aiγi(a), ai = {αi, Yk}, (26)
where γi(a) stands for a sum of corresponding anomalous dimensions. In the same notation
the soft terms (25) take the form
a˜i = ai(1 +miη + m¯iη¯ + Siηη¯), (27)
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where mi = {Mi, Ak} and Si = {MiM¯i +Σi, AkA¯k +Σk}.
Substituting eq.(27) into eq.(26) and expanding over η and η¯ one can get the RG
equations for the soft terms
˙˜ai = a˜iγi(a˜), (28)
Consider first the F-terms. Expanding over η one has
m˙i = γi(a˜)|F =
∑
j
aj
∂γi
∂aj
mj ≡ D1γi. (29)
This is just the RG equation for the soft terms Mi and Ak [6, 1]. Proceeding the same
way for the D-terms and substituting Si = mim¯i + Σi one has the RG equation for the
mass terms
Σ˙i = γi(a˜)|D =
∑
j
aj
∂γi
∂aj
(mjmj +Σj) +
∑
j,k
ajak
∂2γi
∂aj∂ak
mjmk ≡ D2γi. (30)
One can also obtain the RG equation for the individual soft masses out of field renor-
malization. Consider for this purpose the chiral Green function in a rigid theory. It obeys
the following RG relation
< ΦiΦ¯i > = < ΦiΦ¯i >0 e
∫ t
0
γi(a(t
′))dt′
. (31)
Making the substitution
< ΦiΦ¯i > → < ΦiΦ¯i > (1 +m2i ηη¯), a → a˜,
and expanding over ηη¯ ( since it stands under the full Grassmann integral only D-term
contributes) one has
m2i = m
2
i0 +
∫ t
0
dt′ γi(a˜(t
′))
∣∣
D
. (32)
Differentiating this relation with respect to t leads to the RG equation for the soft mass
m˙2i = D2γi(a). (33)
5 Illustration
Consider, as an illustration of the above formulas, the simplest case of a pure gauge
theory [3]. In a rigid theory the coupling is renormalized as
αBare = Zαα, α ≡ g2/16π2. (34)
Making the substitution α→ α˜ one gets α˜Bare = Z˜αα˜ or (up to linear terms in η)
αBare(1 +MBareA η) = α(1 +MAη)Zα(α(1 +MAη)). (35)
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After expansion over η this leads to equations
αBare = αZα(α),
MBareA α
Bare = MAαZα(α) + αD1Zα,
where D1 = MAα
∂
∂α
is the differential operator extracting linear terms over η. As a
result, we get the bare mass
MBareA =MA +D1 lnZα. (36)
Differentiating eq.(36) with respect to a scale, one gets
βα = αγα, βMA = D1γα, (37)
where γα is the gauge field anomalous dimension γα = −d logZα/d log µ2.
In fact, one does not need eq.(37) to get the RG equation form the gaugino mass and
can get the same formulas (37) starting directly from the RG equation for α as shown
above. One can go even further and consider a solution to the RG equation in a rigid
theory.
Indeed, let us take a solution to the RG equation for the coupling written in quadratures∫ α
α0
dα′
β(α′)
= ln
Q2
µ2
. (38)
Performing the replacement of the coupling one gets∫ α(1+MAη+...)
α0(1+MA0η+...)
dα′
β(α′)
= ln
Q2
µ2
(39)
which after expansion over η leads to the solution for the soft mass term
αMA
β(α)
=
αMA0
β(α0)
⇒ MA = c1 β(α)
α
= c1γ(α), (40)
where α is taken from eq.(38). Thus, the solution for the gaugino mass term directly
follows from the one for the rigid coupling. Eq.(40) is the first example of RG invariants
first found in [28] on different grounds. Following our approach one can construct the
other ones [29]. For example, one can continue the expansion up to D-terms in eq.(39),
which gives a solution for the ∆ term
∆ = c2γ(α) − c1αγ′(α)γ(α). (41)
6 Examples
6.1 General gauge theory
In the one-loop order the rigid β functions are (for simplicity, we consider the case of a
single gauge coupling)
βα = αγα, γ
(1)
α = αQ, Q = T (R)− 3C(G), (42)
βijky =
1
2
(yijlγkl + perm
′s), γ
i (1)
j =
1
2
yiklyjkl − 2αC(R)ij ,
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where T (R), C(G) and C(R) are the Casimir operators of the gauge group defined by
T (R)δAB = Tr(RARB), C(G)δAB = fACDfBCD, C(R)
i
j = (RARA)
i
j .
Applying our algorithm, this leads to the following soft β functions:
β
(1)
MA
= αMAQ, (43)
β
ij (1)
B =
1
2
Bil(
1
2
yjkmylkm − 2αC(R)jl ) (44)
+ M il(
1
2
Ajkmylkm + 2αMAC(R)
j
l ) + (i↔ j),
β
ijk (1)
A =
1
2
Aijl(
1
2
ykmnylmn − 2αC(R)kl ) (45)
+ yijl(
1
2
Akmnylmn + 2αMAC(R)
k
l ) + (i↔ j, k),
[βm2 ]
i (1)
j =
1
2
AiklAjkl − 4αM2AC(R)ij (46)
+
1
4
ynkl(m2)inyjkl +
1
4
yikl(m2)nj ynkl +
4
4
yisl(m2)ksyjkl.
We used here the fact that in the given order the solution for Σα is Σα =MAM¯A.
In two loops the rigid anomalous dimensions are
γ(2)α = 2α
2C(G)Q− 2α
r
C(R)ij(
1
2
yjklyikl − 2αC(R)ji ), r = dimG = δAA,
γ
i (2)
j = −(yimpyjmn + 2αC(R)pj δin)(
1
2
ynklypkl − 2αC(R)np ) + 2α2QC(R)ij.
In this case, again the solution for the ghost mass ∆α can be found analytically [4]
and coincides with the mass of ǫ-scalars [30]
Σα
(2) = ∆(2)α = −2α[
1
r
(m2)
i
jC(R)
j
i −M2AC(G)]. (47)
Then, the soft renormalizations are as follows:
β
(2)
MA
= 4α2MAC(G)Q− 2αMA
r
C(R)ij(
1
2
yjklyikl − 2αC(R)ji )
+
2α
r
C(R)ij(
1
2
Ajklyikl + 2αMAC(R)
j
i ), (48)
β
ij (2)
B = −
1
2
Bil(yjkpylkn + 2αC(R)
p
l δ
j
n)(
1
2
ynstypst − 2αC(R)np )
−M il(Ajkpylkn − 2αMAC(R)pl δjn)(
1
2
ynstypst − 2αC(R)np )
−M il(yjkpylkn + 2αC(R)pl δjn)(
1
2
Anstypst + 2αMAC(R)
n
p )
+Bilα2QC(R)jl − 4M ilα2QC(R)jlMA + (i↔ j), (49)
β
ijk (2)
A = −
1
2
Aijl(ykmpylmn + 2αC(R)
p
l δ
k
n)(
1
2
ynstypst − 2αC(R)np )
+Aijlα2QC(R)kl − 4yijlα2QC(R)jlMA
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−yijl(Akmpylmn − 2αMAC(R)pl δkn)(
1
2
ynstypst − 2αC(R)np )
−yijl(ykmpylmn + 2αC(R)pl δkn)(
1
2
Anstypst + 2αMAC(R)
n
p )
+(i↔ j) + (i↔ k), (50)
[βm2 ]
i (2)
j = −(AikpAjkn +
1
2
(m2)ily
lkpyjkn +
1
2
yikpylkn(m
2)lj
+
2
2
yilp(m2)sl yjsn +
1
2
yiks(m2)psyjkn +
1
2
yikp(m
2)snyjks
+4αM2AC(R)
p
jδ
i
n)(
1
2
ynstypst − 2αC(R)np )
−(yikpyjkn + 2αC(R)pj δin)(
1
2
AnstApst +
1
4
(m2)kl y
lstypst
+
1
4
ynstylst(m
2)lp +
4
4
ynlt(m2)sl ypst − 2αM2AC(R)np ) (51)
−(Aikpyjkn − 2αMAC(R)pjδin)(
1
2
ynstApst + 2αMAC(R)
n
p )
−(yikpAjkn − 2αMAC(R)pjδin)(
1
2
Anstypst + 2αMAC(R)
n
p )
+12α2M2AQC(R)
i
j + 4α
2C(R)ij [
1
r
(m2)
k
l C(R)
l
k −M2C(G)],
where the last term is an extra contribution due to nonzero ∆
(2)
i in (47).
To demonstrate the power of the proposed algorithm, we calculate the three loop
gaugino mass renormalization out of a gauge β function. One has in three loops [15]
γ(3)α = α
3C(G)Q[4C(G) −Q]− 6
r
α3QC(R)ijC(R)
j
i
+
3
r
α2(yiklyjkl − 4αC(R)ij)C(R)jsC(R)si −
2
r
α2C(G)(yiklyjkl
− 4αC(R)ij)C(R)ji +
3
2r
αyikmyjkn(y
nstymst − 4αC(R)nm)C(R)ji
+
1
4r
α(yiklyjkl − 4αC(R)ij)(yjstypst − 4αC(R)jp)C(R)pi . (52)
The corresponding gaugino mass renormalization is
β
(3)
MA
= 3α3C(G)Q[4C(G) −Q]MA − 18
r
α3QC(R)ijC(R)
j
iMA
+
6
r
α2(yiklyjkl − 4αC(R)ij)C(R)jsC(R)siMA −
3
r
α2(Aiklyjkl
+ 4αC(R)ijMA)C(R)
j
sC(R)
s
i −
4
r
α2C(G)(yiklyjkl − 4αC(R)ij)C(R)jiMA
+
2
r
α2C(G)(Aiklyjkl + 4αC(R)
i
jMA)C(R)
j
i +
3
2r
αyikmyjkn(y
nstymst
− 4αC(R)nm)C(R)jiMA −
3
2r
αAikmyjkn(y
nstymst − 4αC(R)nm)C(R)ji
− 3
2r
αyikmyjkn(A
nstymst + 4αC(R)
n
mMA)C(R)
j
i
+
1
4r
α(yiklyjkl − 4αC(R)ij)(yjstypst − 4αC(R)jp)C(R)piMA
12
− 1
4r
α(Aiklyjkl + 4αC(R)
i
jMA)(y
jstypst − 4αC(R)jp)C(R)pi
− 1
4r
α(yiklyjkl − 4αC(R)ij)(Ajstypst + 4αC(R)jpMA)C(R)pi . (53)
To argue that a solution for ∆i exists in all orders of PT, one can consider the so-called
NSVZ-scheme [31] where the anomalous dimension γα is known to all orders of PT
γNSV Zα = α
Q− 2r−1Tr[γC(R)]
1− 2C(G)α . (54)
Then the solution for ∆α is
∆NSV Zα = −2α
r−1Tr[m2C(R)]−M2AC(G)
1− 2C(G)α . (55)
and coincides with the for ǫ-scalar mass [30, 32].
6.2 The MSSM in low tanβ regime
Consider the MSSM in low tan β regime. One has three gauge and one Yukawa coupling.
The one-loop RG equations are [33]
α˙i = −biα2i , bi = (
33
5
, 1,−3), i = 1, 2, 3, (56)
Y˙t = Yt(
16
3
α3 + 3α2 +
13
15
α1 − 6Yt), (57)
with the initial conditions: αi(0) = α0, Yt(0) = Y0 and t = ln(M
2
X/Q
2). Their solutions
are given by [33]
αi(t) =
α0
1 + biα0t
, Yt(t) =
Y0E(t)
1 + 6Y0F (t)
, (58)
where
E(t) =
∏
i
(1 + biα0t)
ci/bi , ci = (
13
15
, 3,
16
3
), F (t) =
∫ t
0
E(t′)dt′.
To get the solutions for the soft terms it is enough to perform the substitution α→ α˜
and Y → Y˜ and expand over η and η¯. Expanding the gauge coupling in (58) up to η one
has (hereafter we assume Mi0 =M0)
αiMi =
α0M0
1 + biα0t
− α0biα0M0t
(1 + biα0t)2
=
α0
1 + biα0t
.
M0
1 + biα0t
,
or
Mi(t) =
M0
1 + biα0t
. (59)
Performing the same expansion for the Yukawa coupling and using the relations
dE˜
dη
∣∣∣∣∣
η
=M0t
dE
dt
,
dF˜
dη
∣∣∣∣∣
η
=M0(tE − F ),
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one finds a well known expression [33]
At(t) =
A0
1 + 6Y0F
+M0
(
t
E
dE
dt
− 6Y0
1 + 6Y0F
(tE − F )
)
. (60)
To get the solution for the term Σt = m˜
2
t + m˜
2
Q +m
2
H2
one has to make expansion over η
and η¯. This can be done with the help of the following relations
d2E˜
dηdη¯
∣∣∣∣∣
η,η¯
=M20
d
dt
(
t2
dE
dt
)
,
d2F˜
dηdη¯
∣∣∣∣∣
η,η¯
=M20 t
2dE
dt
,
and leads to [3]
Σt(t) =
Σ0 −A20
1 + 6Y0F
+
(A0 −M06Y0(tE − F ))2
(1 + 6Y0F )2
(61)
+M20
[
d
dt
(
t2
E
dE
dt
)
− 6Y0
1 + 6Y0F
t2
dE
dt
]
.
With analytic solutions (60,61) one can analyze asymptotics and, in particular, find
the so-called infrared quasi fixed points [34] which correspond to Y0 →∞
Y FPt =
E
6F
, (62)
AFPt = M0
(
t
E
dE
dt
− tE − F
F
)
, (63)
ΣFPt = M
2
0
[(
tE − F
F
)2
+
d
dt
(
t2
E
dE
dt
)
− t
2
F
dE
dt
]
. (64)
However, the advantage of the Grassmannian expansion procedure is that one can perform
it for fixed points as well. Thus the FP solutions (63,64) can be directly obtained from a
fixed point for the rigid Yukawa coupling (62) by Grassmannian expansion. This explains,
in particular, why fixed point solutions for the soft couplings exist if they exist for the
rigid ones and with the same stability properties [35].
6.3 The MSSM in high tan β regime
Consider the MSSM in high tan β regime. One has three gauge and three Yukawa cou-
plings. The one-loop RG equations are [33]
α˙i = −biα2i , Y˙k = Yk(
∑
i
ckiαi −
∑
l
aklYl), (65)
where i = 1, 2, 3; k = t, b, τ , · ≡ d/dt, t = logM2GUT /Q2 and
bi = {33/5, 1,−3}, atl = {6, 1, 0}, abl = {1, 6, 1}, aτl = {0, 3, 4},
cti = {13/15, 3, 16/3}, cbi = {7/15, 3, 16/3}, cτi = {9/5, 3, 0}.
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Despite a simple form of these equations, there is no explicit analytic solution similar
to (58). One has either the iterative solution [36] or the approximate one [37]. In both
the cases the Grassmannian expansion over η leads to the corresponding solutions for the
soft terms.
Consider first the iterative solution. It can be written as [36]
αi =
α0i
1 + biα0i t
, Yk =
Y 0k uk
1 + akkY
0
k
∫ t
0 uk
, (66)
where the functions {uk} obey the integral system of equations
ut =
Et
(1 + 6Y 0b
∫ t
0
ub)1/6
, uτ =
Eτ
(1 + 6Y 0b
∫ t
0
ub)1/2
,
ub =
Eb
(1 + 6Y 0t
∫ t
0
ut)1/6(1 + 4Y 0τ
∫ t
0
uτ )1/4
, (67)
and the functions Ek are given by Ek =
∏3
i=1(1 + biα
0
i t)
cki/bi .
Let us stress that eqs.(66) give the exact solution to eqs.(65), while the uk’s in eqs.(67),
although solved formally in terms of the Ek’s and Y
0
k ’s as continued integrated fractions,
should in practice be solved iteratively.
To get the solutions for the soft terms it is enough to perform substitution αi → α˜i
and Yk → Y˜k and expand over η and η¯. One has [38]:
Mi =
M0i
1 + biα0i t
, Ak = −ek +
A0k/Y
0
k + akk
∫
ukek
1/Y 0k + akk
∫
uk
,
Σk = ξk +A
2
k + 2ekAk −
(A0k)
2/Y 0k −Σ0k/Y 0k + akk
∫
ukξk
1/Y 0k + akk
∫
uk
, (68)
where the new functions ek and ξk have been introduced which obey the iteration equa-
tions. For illustration we present below the corresponding expressions for et and ξt
et =
1
Et
dE˜t
dη
+
A0b
∫
ub −
∫
ubeb
1/Y 0b + 6
∫
ub
,
ξt =
1
Et
d2E˜t
dηdη¯
+ 2
1
Et
dE˜t
dη
A0b
∫
ub −
∫
ubeb
1/Y 0b + 6
∫
ub
+ 7
(
A0b
∫
ub −
∫
ubeb
)2(
1/Y 0b + 6
∫
ub
)2
−(Σ
0
b + (A
0
b)
2)
∫
ub − 2A0b
∫
ubeb +
∫
ubξb
1/Y 0b + 6
∫
ub
, (69)
where the variations of E˜k should be taken at η = η¯ = 0 and are given by
1
Ek
dE˜k
dη
∣∣∣∣∣
η,η¯=0
= t
3∑
i=1
ckiαiM
0
i ,
1
Ek
d2E˜k
dηdη¯
∣∣∣∣∣
η,η¯=0
= t2
(
3∑
i=1
ckiαiM
0
i
)2
+ 2t
3∑
i=1
ckiαi(M
0
i )
2 − t2
3∑
i=1
ckibiα
2
i (M
0
i )
2.
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When solving eqs.(67) and (69) in the n-th iteration one has to substitute in the r.h.s. the
(n− 1)-th iterative solution for all the corresponding functions.
The same procedure works for the approximate solutions. Once one gets an approxi-
mate solution for the Yukawa couplings, one immediately has those for the soft terms as
well [37].
We consider as an illustration the approximate solution. It can be taken in the form [37]
Y appt (t) =
Yt0Et(t)
[1 + 72(Yt0Ft(t) + Yb0Fb(t))]
2/7[1 + 7Yt0Ft(t)]5/7
Y appb (t) =
Yb0Eb(t)
[1 + 72(Yt0Ft(t) + Yb0Fb(t))]
2/7[1 + 7Yt0Ft(t)]2/7
, (70)
× 1
[1 + 73 (3Yb0Fb(t) + Yτ0Fτ )]
3/7
,
Y appτ (t) =
Yτ0Eτ (t)
[1 + 214 Yτ0Fτ ]
4/7[1 + 73(3Yb0Fb(t) + Yτ0Fτ )]
3/7
.
To demonstrate the accuracy of the approximate solution (70) and the efficiency of
the Grassmannian expansion, we present in Fig.1 the comparison of numerical and ap-
proximate solutions for the Yukawa couplings of a rigid theory as well as the soft terms.
One can notice perfect agreement of numerical and analytical curves. Shown also are
the fixed point behaviour, again for the Yukawa couplings and for the soft terms obtained
via the expansion procedure for the approximate solutions (70). The numerical curves
approach the analytically calculated FP’s in the infrared region.
6.4 Totally all loop finite N=1 SUSY gauge theories
Another example of application of the same procedure is the so-called finite field theories
in the framework of SUSY GUTs. These are the theories where all the UV divergences
cancel and hence all the β functions vanish. This can be achieved in a rigid theory if the
following two conditions are satisfied [39, 40]:
• The group representations are chosen in a way to obey the sum rule∑
T (R) = 3C2(G) (71)
• The Yukawa couplings are the functions of the gauge one
Yi = Yi(α), Yi(α) = c
i
1α+ c
i
2α
2 + ... (72)
where the coefficients cin are calculated algebraically in the n-th order of PT.
To achieve the complete finiteness of the model including the soft terms, one has to
modify the finiteness condition (72) as
Y˜i = Yi(α˜) (73)
and perform the expansion over η, η¯. This gives [2]

Ai = −MA d lnYid lnα ,
Σi =M
2
A
d
dα
αd lnYi
d lnα
,
(74)
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Figure 1: Comparison of numerical and approximate solutions. Dotted lines correspond to
the analytical approximate solutions, solid lines to the numerical solution. Shown also are
the infra-red quasi fixed points obtained via Grassmannian expansion and the numerical
curves approaching them in the IR limit.
where Y (α) is assumed to be known from a rigid theory. These expressions lead to a
totally finite softly broken SUSY field theory!
Alternatively one can formulate the same conditions in terms of the bare couplings.
They are finite in this case. In dimensional regularization one has instead of eq.(72)
Y Barei = αBare · fi(ε), fi(ε) = c(1)i + c(2)i ε+ c(3)i ε2 + ... (75)
where the coefficients c
(n)
i are in one-to-one correspondence to those in eq.(72). Replacing
the couplings in eq.(75) in a usual way one finds that the function f(ε) cancels and one
has simple relations for the soft terms valid in all orders of PT [2]
Y˜ Barei = α˜Bare · fi(ε) ⇒
{
ABarei = −MBareA ,
ΣBarei = (M
Bare
A )
2.
(76)
These relations for the bare quantities provide the vanishing of the β functions for the soft
terms.
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6.5 N=2 SUSY Seiberg-Witten Theory
Consider now the N=2 supersymmetric gauge theory. The Lagrangian written in terms
of N=2 superfields is [41]:
L = 1
4π
ImTr
∫
d2θ1d
2θ2
1
2
τΨ2, (77)
where N=2 chiral superfield Ψ(y, θ1, θ2) is defined by constraints D¯α˙Ψ = 0 and
¯˜Dα˙Ψ = 0
and
τ = i
4π
g2
+
θ
2π
topological
. (78)
The expansion of Ψ in terms of θ2 can be written as
Ψ(y, θ1, θ2) = Ψ
(1)(y, θ1) +
√
2θα2Ψ
(2)
α (y, θ1) + θ
α
2 θ2αΨ
(3)(y, θ1),
where yµ = xµ + iθ1σ
µθ¯1 + iθ2σ
µθ¯2 and Ψ
(k)(y, θ1) are N=1 chiral superfields.
The soft breaking of N=2 SUSY down to N=0 can be achieved by shifting the imaginary
part of τ :
Imτ → Imτ˜ = Imτ(1 +M1θ21 +M2θ22 +M3θ21θ22) (79)
This leads to
∆L =
[
−M1
4
λλ− M2
4
ψψ − (M1M2
4
− M3
4
)φφ+ h.c.
]
− (M
2
1
4
+
M22
4
)φ¯φ,
where the fields λ are the gauginos, ψ and φ are the spinor and scalar matter fields,
respectively.
Now one can use the power of duality in N=2 SUSY theory and take the Seiberg-Witten
solution [42]
τ =
daD
du
/
da
du
, (80)
where
aD(u) =
i
2
(u− 1)F (1
2
,
1
2
, 2;
1− u
2
), a(u) =
√
2(1 + u)F (−1
2
,
1
2
, 1;
2
1 + u
).
In perturbative domain when u ∼ Q2/Λ2 → ∞, a = √2u, aD = ipia(2 ln a + 1) one
reproduces the well known one-loop result
4π
g2
=
1
π
[ln
Q2
Λ2
+ 3]. (81)
Assuming that renormalizations in N=2 SUSY theory follow the properties of those in
N=1, one can try to apply the same expansion procedure for a non-perturbative solution.
Substituting eq.(79) into (80) with
u→ u˜ = u(1 +M01 θ21 +M02 θ22 +M03 θ21θ22)
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and expanding over θ21 and θ
2
2, one gets an analog of S-W solution for the mass terms [43]:
M1 =M
0
1
Im
[
u
(
a′′D
a′D
− a
′′
a′
)
τ
]
Im τ , M2 =M
0
2
Im
[
u
(
a′′D
a′D
− a
′′
a′
)
τ
]
Im τ ,
M3 =
Im
[
M03u
(
a′′D
a′D
− a
′′
a′
)
τ+M01M
0
2u
2
(
a′′′D
a′D
− a
′′′
a′
+ 2
a′′D
a′D
(
a′′D
a′D
− a
′′
a′
))
τ
]
Im τ
In perturbative regime one has
M1 =
M01
lnQ2/Λ2 + 3
, M2 =
M02
lnQ2/Λ2 + 3
, M3 =
M03 −M01M02
lnQ2/Λ2 + 3
.
7 Renormalization of the Fayet-Iliopoulos Term
We gave above a complete set of the rules needed for writing down the RG equations
for the soft SUSY breaking terms in an arbitrary non-Abelian N=1 SUSY gauge theory.
However, in the Abelian case, there exists an additional gauge invariant term, the so-called
Fayet-Iliopoulos or the D-term [44]
LF.I. = ξD =
∫
d4θξV, (82)
which requires special consideration. In Ref. [45], it has been shown that in the unbroken
theory this term is not renormalized provided the sum of hypercharges and their cubes
equals zero. These requirements guarantee the absence of chiral and gravity anomalies
and are usually satisfied in realistic models.
In case of a softly broken Abelian SUSY gauge theory, the F-I term happens to be
renormalized even if anomalies are cancelled. The RG equation for ξ depends not only on
itself, but on the other soft breaking parameters (the soft mass of chiral scalarsm2, the soft
triple coupling Aijk and the gaugino masses Mi). Recently, the renormalization of ξ has
been performed up to three loops [46] using the component approach and/or superfields
with softly broken Feynman rules. Following our main idea that renormalizations of a
softly broken SUSY theory are completely defined by a rigid one, we argue that the renor-
malization of the F-I term, in full analogy with all the other soft terms renormalizations,
is completely defined in a rigid or an unbroken theory. However, contrary to the other soft
renormalizations, there is no simple differential operator that acts on the renormalization
functions of a rigid theory and allows one to get the renormalization of the F-I term. One
needs an analysis of the superfield diagrams and some additional diagram calculations in
components.
The addition of the F-I term leads to the modification of the Lagrangian in components.
The relevant part of the Lagrangian is
L = 1
2 g2
D2 + ξD +Dφ¯ jY ijφi − φ¯ j(m2)ijφi + ... (83)
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where Y ij is the hypercharge matrix of the chiral supermultiplet, and (m2)ij is a soft scalar
mass. After eliminating the auxiliary field D this becomes
L = −φ¯ j(m2)ijφi −
1
2
g2(φ¯ jY ijφi)2 + ..., (84)
where
(m2)ij = (m
2)ij + g
2ξY ij. (85)
From eqs.(84) and (85) it follows that the F-I term gives an additional contribution to the
renormalization of the soft scalar mass (m2)ij
[βm2 ]
i
j = [βm2 ]
i
j + βg2ξY ij + g2βξ(m2, ...)Y ij = [βm2 ]ij + g2βξ(m2, ...)Y ij . (86)
The last equality follows from the fact that eq.(84) does not contain ξ explicitly and,
hence, ξ should be dropped from all the expressions.
There are four different types of contributions to the renormalization of the F-I term in
a softly broken theory: those proportional to (m2)ij ,MM¯ , A
ijkA¯lmn andMA¯lmn (M¯A
ijk).
We have found that all the information about the renormalizations of the soft SUSY
breaking terms is contained in a rigid, unbroken theory. To calculate the renormalization
of an additional Fayet-Iliopoulos term, one needs an analysis of superfield diagrams. To
find the contribution proportional to the soft scalar mass (m2)ij (the square of gaugino
massMM¯ ), one needs to take the self-energy diagrams for the vector superfield and replace
one of the external vertices with the hypercharge Y ij by (m2)ij (MM¯δij). In this case, there
is no need to do any calculations except in superfields.
The other contributions (proportional to AA¯ and MA¯) can be found from the analysis
of the matter superfield propagator diagrams in a rigid theory and the corresponding
component diagrams in a softly broken theory extracting from the latter the contribution
of the tadpole graphs. In this case, one needs to calculate additionally some component
diagrams the number of which is essentially reduced compared to a direct component
calculation [5].
8 Conclusion
Summarizing, we would like to stress once again that is very useful to consider a sponta-
neously broken theory in terms of a rigid one in an external field. In case when one is able
to absorb the external field into the redefinition of parameters of the original theory and
perform the renormalizations for an arbitrary field, one can reproduce renormalization
properties of a spontaneously broken theory from a rigid one. The Grassmannian expan-
sion in softly broken SUSY theories happens to be a very efficient and powerful method
which can be applied in various cases where the renormalization procedure in concerned.
It demonstrates once again that softly broken SUSY theories are contained in rigid ones
and inherit their renormalization properties.
The following statements are valid:
• All the renormalizations are defined in a rigid theory. There are no independent
renormalizations in a softly broken theory.
• RG flow in a softly broken theory follows that in a rigid theory.
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• This statement is true for RG equations, solutions to these equations, particular
(fixed point) solutions, approximate solutions, etc.
• Renormalization of the F-I term needs a special treatment but can be also deduced
from unbroken theory.
Appendix A. Three-loop renormalizations in the MSSM
In this section, we present explicit formulae for rigid and soft term renormalizations in
the MSSM in the three-loop approximation in the case when we retain only α3 and top
Yukawa coupling Yt.
The rigid renormalizations are [16]
βα3 = −3α23 + α23(14α3 − 4Yt) + α23[
347
3
α23 −
104
3
α3Yt + 30Y
2
t ], (A.1)
γt = (2Yt − 8
3
α3)− (8Y 2t +
8
9
α23) + [(30 + 12ζ3)Y
3
t (A.2)
+ (
16
3
+ 96ζ3)Y
2
t α3 − (
64
3
+
544
3
ζ3)Ytα
2
3 + (
2720
27
+ 320ζ3)α
3
3],
γb = −8
3
α3 − 8
9
α23 + [−
80
3
Ytα
2
3 + (
2720
27
+ 320ζ3)α
3
3], (A.3)
γQ = (Yt − 8
3
α3)− (5Y 2t +
8
9
α23) + [(15 + 6ζ3)Y
3
t (A.4)
+ (
40
3
+ 48ζ3)Y
2
t α3 − (
72
3
+
272
3
ζ3)Ytα
2
3 + (
2720
27
+ 320ζ3)α
3
3],
γH2 = (3Yt)− (9Y 2t − 16Ytα3) (A.5)
+ [(57 + 18ζ3)Y
3
t + (72− 144ζ3)Y 2t α3 − (
160
3
+ 16ζ3)Ytα
2
3],
βYt = Yt
{
(6Yt − 16
3
α3)− (22Y 2t − 16Ytα3 +
16
9
α23) + [(102 + 36ζ3)Y
3
t
+
272
3
Y 2t α3 − (
296
3
+ 288ζ3)Ytα
2
3 + (
5440
27
+ 640ζ3)α
3
3]
}
, (A.6)
βµ2 = µ
2
{
3Yt − (9Y 2t − 16Ytα3) (A.7)
+ [(57 + 18ζ3)Y
3
t + (72− 144ζ3)Y 2t α3 − (
160
3
+ 16ζ3)Ytα
2
3]
}
,
Using the explicit form of anomalous dimensions calculated up to some order, one can
reproduce the desired RG equations for the soft terms. In case of squark and slepton
masses, they contain the contributions from unphysical masses Σαi . To eliminate them,
one has to solve the equation for Σαi . In the case of the MSSM up to three loops, the
solutions are [4]
Σα1 = M
2
1 − α1σ1 −
199
25
α21M
2
1 −
27
5
α1α2M
2
2 −
88
5
α1α3M
2
3
+
13
5
α1Yt(Σt +A
2
t ) +
7
5
α1Yb(Σb +A
2
b) +
9
5
α1Yτ (Στ +A
2
τ ), (A.8)
Σα2 = M
2
2 − α2(σ2 − 4M22 )− α22(4σ2 + 9M22 )−
9
5
α2α1M
2
1 − 24α2α3M23
21
+ 3α2Yt(Σt +A
2
t ) + 3α2Yb(Σb +A
2
b) + α2Yτ (Στ +A
2
τ ), (A.9)
Σα3 = M
2
3 − α3(σ3 − 6M23 )− α23(6σ3 − 22M23 )−
11
5
α3α1M
2
1 − 9α3α2M22
+ 2α3Yt(Σt +A
2
t ) + 2α3Yb(Σb +A
2
b), (A.10)
where we have used the combinations [25]
σ1 =
1
5
[
3(m2H1 +m
2
H2) + 3(m˜
2
Q + 3m˜
2
L + 8m˜
2
U + 2m˜
2
D + 6m˜
2
E)
]
,
σ2 = m
2
H1 +m
2
H2 + 3(3m˜
2
Q + m˜
2
L), (A.11)
σ3 = 3(2m˜
2
Q + m˜
2
U + m˜
2
D),
Σt = m˜
2
t + m˜
2
Q +m
2
H2 , Σb = m˜
2
b + m˜
2
Q +m
2
H1 , Στ = m˜
2
τ + m˜
2
L +m
2
H1 .
The corresponding soft term renormalizations read
βM3 = −3α3M3 + 28α23M3 − 4Ytα3(M3 −At)
+ 347α33M3 −
104
3
α23Yt(2M3 −At) + 30α3Y 2t (M3 − 2At),
βAt = (6YtAt +
16
3
α3M3)− [44Y 2t At − 16Ytα3(At −M3)−
32
9
α23M3]
+ [(306 + 108ζ3)Y
3
t At +
272
3
Y 2t α3(2At −M3)
− (296
3
+ 288ζ3)Ytα
2
3(At − 2M3)− 3(
5440
27
+ 640ζ3)α
3
3M3],
βB = 3YtAt − [18Y 2t At − 16Ytα3(At −M3)] + [(171 + 54ζ3)Y 3t At
+ (72− 144ζ3)Y 2t α3(2At −M3)− (
160
3
+ 16ζ3)Ytα
2
3(At − 2M3)],
βm˜2t = 2Yt(Σt +A
2
t )−
16
3
α3M
2
3 − 16Y 2t (Σt + 2A2t )−
64
3
α23M
2
3 +
8
3
α23σ3
+ 3(30 + 12ζ3)Y
3
t (Σt + 3A
2
t ) + (
16
3
+ 96ζ3)Y
2
t α3[(2At −M3)2
+ 2Σt +M
2
3 ]− (
64
3
+
544
3
ζ3)Ytα
2
3[(At − 2M3)2 +Σt + 2M23 ]
− 16
3
Ytα
2
3(Σt +A
2
t ) + 4(
2564
9
+ 960ζ3)α
3
3M
2
3 +
160
9
α33σ3,
βm˜2
b
= −16
3
α3M
2
3 −
64
3
α23M
2
3 +
8
3
α23σ3 −
80
3
Ytα
2
3[(At − 2M3)2 +Σt
+ 2M23 ]−
16
3
Ytα
2
3(Σt +A
2
t ) + 4(
2564
9
+ 960ζ3)α
3
3M
2
3 +
160
9
α33σ3,
βm˜2
Q
= Yt(Σt +A
2
t )−
16
3
α3M
2
3 − 10Y 2t (Σt + 2A2t )−
64
3
α23M
2
3 +
8
3
α23σ3
+ 3(15 + 6ζ3)Y
3
t (Σt + 3A
2
t ) + (
40
3
+ 48ζ3)Y
2
t α3[(2At −M3)2
+ 2Σt +M
2
3 ]− (
72
3
+
272
3
ζ3)Ytα
2
3[(At − 2M3)2 +Σt + 2M23 ]
− 16
3
Ytα
2
3(Σt +A
2
t ) + 4(
2564
9
+ 960ζ3)α
3
3M
2
3 +
160
9
α33σ3,
βm2
H2
= 3Yt(Σt +A
2
t )− 18Y 2t (Σt + 2A2t ) + 16Ytα3[(At −M3)2 +Σt +M23 ]
22
+ 3(57 + 18ζ3)Y
3
t (Σt + 3A
2
t ) + (72− 144ζ3)Y 2t α3[(2At −M3)2
+ 2Σt +M
2
3 ]− (
160
3
+ 16ζ3)Ytα
2
3[(At − 2M3)2 +Σt + 2M23 ]
− 16Ytα23(σ3 − 6M23 ).
Appendix B
The RG equation for the parameter ξ in a rigid theory is
ξ˙ = −γV ξ, (B.1)
where γV is the anomalous dimension of the gauge superfield. To find the soft terms x, x¯
and z, one should solve the modified equation
˙˜
ξ = −γV (α˜, y˜, ξ˜)ξ˜. (B.2)
In one-loop order γV = (b1 + b2ξ)α, where b1 + b2 = Q, and the solutions are
x = −(M + x0)b1 + b2ξ
Q
, x¯ = −(M¯ + x¯0)b1 + b2ξ
Q
,
z = −(Σα + z0)b1 + b2ξ
Q
+
b2ξ
Q
(M + x0)(M¯ + x¯0)
b1 + b2ξ
Q
, (B.3)
where x0, x¯0, and z0 are arbitrary constants. In the Abelian case when b1 = Q, b2 = 0,
the solutions are simplified and can be chosen as
x = −M(1− ξ), x¯ = −M¯(1− ξ), z = −Σα(1− ξ)−MM¯ξ(1− ξ).
Together with the expression for α˜ (14) it gives eq.(19) above.
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